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We show that the antiferromagnetic structure in the quantum spin trimer system Ca3CuNi2(PO4)4
is based on both arms of propagation vector k star {[ 1
2
, 1
2
, 0], [− 1
2
, 1
2
, 0]} of the paramagnetic space
group C2/c. The structure is generated by a symmetric direction of the order parameter of two
dimensional irreducible representation of C2/c with one active magnetic mode and corresponds to
the Shubnikov magnetic space group Ca2/c. We reveal the relation between representation analysis
in the propagation vector formalism and Shubnikov symmetry. These types of multi-k structures are
extremely rarely observed experimentally. To further prove the specific magnetic structure we have
performed the calculations of the spin expectation values in the isolated Ni2+-Cu2+-Ni2+ trimer
with realistic Hamiltonian. The calculated spin values 〈SNi〉 = 0.9 and 〈SCu〉 = 0.3 are in 10%
accuracy in agreement with the experiment, providing strong complimentary argument in favour of
multi-arm magnetic structure.
PACS numbers: 75.30.Et, 61.12.Ld, 61.66.-f
I. INTRODUCTION
The low-dimensional magnets have been attracting at-
tention during last years since they show remarkable ef-
fects due to the prevalence of quantum physics. In partic-
ular, the clusters of spins, such as dimers or trimers with
strong intra-cluster interactions and weak inter-cluster
ones can show interesting phenomena, for instance field-
induced Bose-Einstein condensation of magnons (BEC)1
or quantum magnetisation plateaus2,3. In addition,
the gapped energy spectrum makes these systems in-
teresting for spintronics and also as a quantum com-
puting device material. A potential candidate for one
more realisation of the BEC in the spin trimer system
Ca3Cu3−xNix(PO4)4 was proposed in Ref.4. It happened
to be that the member of this family with x = 2 is anti-
ferromagnetically (AFM) ordered below TN = 20 K with
an unusual multi-k magnetic structure5.
In the analysis of magnetic structures on the basis of
the neutron diffraction data the most frequent approach
is the decomposition of the magnetic representation into
irreducible representations (irreps) of the paramagnetic
space group according to Izyumov and Naish6,7. In this
approach (rep-analysis) only symmetry elements of the
space group G that leave the propagation vector (k-
vector) invariant are used to construct normal magnetic
modes. This subgroup is called a little group or k-vector
group Gk. In general, there are several propagation vec-
tors (arms) forming a so called star. The arms are related
by the symmetry elements that are not in Gk. In case
if the propagation vector star {k} has several arms the
rep-analysis is done in the following way. Practically in
all cases it is postulated that the use of only one arm of
the star is enough for the description of the experimental
data. The atomic positions which are equivalent in the
paramagnetic space group are in general split up into the
so called orbits with the atom positions in the different
orbits related by the symmetry operators that are not in
Gk. In the single k-vector rep-approach the atomic spins
on different orbits are not related by symmetry and the
rep-analysis alone does not provide symmetry constraints
on the spin configurations on different orbits.
Nowadays there is a growing understanding of the fact
that in some cases the use of rep-analysis together with
Shubnikov group symmetry or with magnetic superspace
(3D+1) groups (e.g.,8) allows one to find a hidden sym-
metry, which is not evident from the rep-analysis alone.
Certain additional constraints on the normal modes ob-
tained from the rep-analysis can be imposed using crys-
tallographic symmetry arguments. This way of anal-
ysis is routinely used by the crystallographers in the
treatment of the experimental diffraction data on crystal
structures, but for some reasons practically not used by
physicists in analysis of magnetic diffraction. Especially
in the cases when the symmetry of the little group is sig-
nificantly lower than the paramagnetic group, the use of
the multi-arm analysis can help to find a high symme-
try solution with symmetry related spin configurations
on different orbits.
The solution for the magnetic structure
Ca3CuNi2(PO4)4 with the use of both arms of the
star {[ 12 , 12 , 0], [− 12 , 12 , 0]} reported in Ref.5 had been
found heuristically and it was not clear how unique the
solution was and what could be other possibilities. In
the present paper in section II we perform the symme-
try analysis using both irreducible representations of
propagation vector star and Shubnikov groups. The key
difference to the analysis performed in Ref.5 is that here
we use irreps of the {k}-star, but not of the single arm.
We determine the respective Shubnikov space group of
the multi-arm magnetic structure and show what are the
normal modes that enter the magnetic representation
decomposition and also discuss all possible configura-
tions within the given symmetry. In addition, there are
some advantages to the knowledge of Shubnikov crys-
tallographic symmetry. In particular, this can be useful
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2in the calculations that consider the spin as a quantum
object in which case the irreducible co-representations
should be used, e.g., the calculations of the magnon
excitations as shown in Refs.9,10. Shubnikov group
description also provides strict unified characterisation
of the magnetic structure and can be used in various
software tools.
To the best of our knowledge the experimentally es-
tablished cases when the whole star {k} must be in-
volved in the transition to AFM ordered state are rare.
As the examples we can point out on Ref.11, where 4k-
structure was found by analysis of the diffuse scattering
in Gd2Ti2O7, Ref.
12 with 2k magnetic structure in CeB6
corroborated by single crystal neutron diffraction and
µSR study, and 3k-structure in TmAgGe found by pow-
der neutron diffraction13. The multi-k structures with
the k-vectors from the {k}-star should be distinguished
from the modulated multi-k harmonics structures or the
structures with k-vectors unrelated by symmetry that
occur quite often in practice.
Since the multi-arm structures are rarely reported we
believe that some complementary arguments supporting
our magnetic structure model would be helpful. To fur-
ther prove the full star magnetic structure we calculate
in section III the spin expectation values in the ground
state of the isolated Ni-Cu-Ni trimers with the realis-
tic Hamiltonian parameters as had been determined in4.
In low dimensional quantum antiferromagnets the truly
Ne´el AFM state is not the ground eigenstate resulting in
the reduced spin values in case if the AFM ordering oc-
curs. The classical Ne´el state is suppressed by the quan-
tum fluctuations. In the present case of weakly inter-
acting Ni-Cu-Ni trimers one also expects that the spin
expectation values will be different from the single ion
spin values s = 1 and 12 for Ni- and Cu-spins, respec-
tively. Thus, the calculated spin values can be used as
an independent verification of the specific type of order-
ing that results in the specific values of the experimental
magnetic moments determined by neutron diffraction.
II. RELATION BETWEEN REPRESENTATION
AND SHUBNIKOV GROUP DESCRIPTIONS
In the rep-approach there are two orbits in the mag-
netic structure: orbit1 with two independent spins Ni11
and Cu1 and orbit2 with Ni21 and Cu2 spins 5 as shown
in Fig. 1. The propagation vector space group Gk is tri-
clinic C-1 [no.2 augmented with centering translations
( 12 ,
1
2 , 0)+]. The atom Ni12 on orbit1 is generated by in-
version and has to have opposite sign according to irrep
τ2. The returning to zeroth cell translation (1,1,1) re-
verts the sign back according to formula (1). All other
magnetic moments of the atom j displaced by the trans-
lation t from its zeroth cell position mjl0 are obtained
by the relation:
k1=[1/2,1/2,0]k1=[1/2,1/2,0]
k2=[-1/2,1/2,0]
2/c
Ni11
Ni21
Ni22
Ni12
Cu1
Cu2
2/c
2/c
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(-1/2,1/2,0)
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FIG. 1: Top (a): The zeroth unit cell of Ca3CuNi2(PO4)4
showing the schematic configuration of the Ni and Cu spins
along c-axis. Ni and Cu atoms are represented by blue and
red circles. The unit cell constants are a = 17.7 A˚, b = 4.8 A˚,
c = 17.8 A˚, β = 123.8◦ (C2/c space group). Two of the Ni-
spins from the neighbouring cells are shown for better visibil-
ity of the trimers as open circles. Dotted black straight lines
indicate the relation between the positions under the symme-
try operations: inversion (-1) and rotation (2) −x, y,−z + 1
2
.
The atoms that are not labeled are generated by C-centering
translations, as shown for example for Cu1 and Cu2 spins with
the orange dashed lines. The spins in the middle of the cell
along c direction between the dotted lines belong to the or-
bit 2 (Cu2, Ni21 and Ni22 spins) and have propagation vector
k2 = [− 12 120], the other spins belong to the orbit 1 (Cu1, Ni11
and Ni12 spins) and have propagation vector k1 = [
1
2
1
2
0], in-
dicated in the figure. Bottom (b): Projection of the structure
along a-axis showing trimers on orbits 1 and 2 with prop-
agation vectors k1 and k2, respectively. The neighbouring
trimers running along b- and c-axes are coupled AFM. The
atoms in the trimer are connected by straight solid line.
mj(t) =
2∑
l=1
mjl0 cos(2piklt), (1)
where t is the centering translation or the unit cell
translation. If the structure propagates with one arm of
k-vector star, only one term is left in (1). In this case
the spins on orbit1 are not related by symmetry with the
spins on orbit2. The spin configuration with the one arm
k1, that fits experimental data, has AFM arrangement
of spins in Ni-Cu-Ni trimers on orbit1 and zero values of
the spins on the orbit2. Alternatively, there is a second
solution that produces equivalent Bragg peak intensities
with propagation vector k2 and with AFM arrangement
of spins on orbit2 and zero spins on orbit15. We note
3TABLE I: The magnetic structure parameters in
Ca3CuNi2(PO4)4 in (a) propagation vector description
(rep-description) in k-vector group C − 1 with the atomic
positions and magnetic moment components (in µB) of the
atoms on the orbit 1 Ni11 and Cu1 with propagation vector
k1 = [
1
2
1
2
0]. The propagation vector, the positions and the
magnetic moments of atoms Ni21 and Cu2 on orbit 2 are
generated by the rotation −x, y,−z+ 1
2
. Cu1 and Cu2 are in
(2c) and (2g) positions, Ni11 and Ni21 are in (4i)-positions,
Ni11c and Cu1c are generated by centering translation
(0- 1
2
- 1
2
) and k1 using formula (1); (b) in Shubnikov magnetic
space group Ca2/c (no. 15.91). Ni11 and Ni11c are in (16g)-,
Cu1 and Cu1c are in (8a)- and (8b)-positions.
(a) (b)
a, A˚ 17.68079 33.44705
b, A˚ 4.80421 9.608429
c, A˚ 17.79799 17.79799
β, deg 123.755 118.477
Ni11 xyz 0.62065 0.5353 0.96795 0.31033 -0.01765 -0.3473
mxmymz 0.1539 -0.1984 -1.7917 0.1456 0.1984 1.9466
Cu1 xyz 0 1
2
0 0 0 0
mxmymz 0.3238 -0.1426 -0.3601 0.3063 0.1426 0.6860
Ni21 xyz 0.37935 0.5353 0.53205
mxmymz 0.1539 0.1984 -1.7917
Cu2 xyz 0 1
2
1
2
mxmymz -0.3238 -0.1426 0.3601
Ni11c xyz 0.12065 0.0353 0.96795 0.06033 0.23235 -0.8473
mxmymz -0.1539 0.1984 1.7917 -0.1456 -0.19843 -1.9466
Cu1c xyz − 1
2
0 0 − 1
4
1
4
- 1
2
mxmymz -0.3238 0.1426 0.3601 -0.3063 -0.1426 -0.6860
that the above configurations generated by k1 and k2
are different. This is shown in Fig. 1a by dashed orange
lines indicating the propagation of Cu1-spin in the trimer
on orbit1 and Cu2-spin on orbit2. The trimers displaced
by ( 12 ,− 12 , 0) have a ferromagnetic mutual orientation on
orbit1, but AFM orientation on orbit2.
The symmetry representation analysis of single-arm
structures can be done with the program software
tools14–16. However, in the present case one has to con-
struct full star structure with symmetry restrictions given
by the Shubnikov magnetic space group. This additional
symmetry can be revealed by using ISODISTORT tool
based on ISOTROPY software17,18. The propagation vec-
tor [ 12 ,
1
2 , 0] (international CDML label of Brillouin zone
V ) in the space group C2/c has two dimensional (2D) ir-
rep denoted as mV -18, based on one dimensional irrep τ2
of the propagation vector group Gk. This 2D irrep has
three possible directions of oder parameter in the rep-
resentation space (OPD) that are classified as P1 (a,a),
P3 (0,a) and C1 (a,b)17,18. The direction P3 is a par-
ticular case conventionally used in the rep-analysis when
only one arm of the star is used and the spins on the or-
bits are uncoupled. The direction C1 is the general OPD
involving both arms of the star but without symmetry
relations between the orbits. Both C1 and P3 directions
result in rather low symmetry triclinic group PS-1 (no.
2.7). The most symmetry restrictive direction P1 with
the coupled magnetic modes on the two orbits generates
highest possible symmetric Shubnikov group Ca2/c (no.
15.91)18,19. The transformation is given by the following
matrix: A = 2a + 2c, B = −2b and C = −c with the
origin shift p = b/2, where the capital and lowercase
letters are the basis vectors for Ca2/c and C2/c space
groups, respectively. In the book19 the Shubnikov group
Ca2/c is given in Opechowski-Guccione settings with the
symbol PC2/c (no. 13.8.84). To construct the magnetic
modes in Ca2/c one should take two atoms on one orbit
(it does not matter on which one, let us take orbit1) re-
lated by centering translation in the paramagnetic C2/c
group and apply the above basis transformation both for
spin and for the position. There is no need to trans-
form the atoms on orbit2, because their positions and
spins will be generated automatically by the symmetry
elements of Ca2/c due to the specific OPD P1. This
transformation results in two independent modes for Cu-
spins and two modes for Ni-spins. One mode is generated
by the propagation vector k1, the second one by the vec-
tor k2. Since the intra-trimers coupling is dominant one
would assume that the spins in the trimers are equally
coupled, leaving only two possible solutions. As experi-
mentally found only one mode shown in Fig. 2 fits the ex-
perimental data5. The details of magnetic structure de-
scription in both rep-approach and magnetic space group
are given in Table I. The values of the magnetic moment
components in the Table I are taken from Ref.5 after the
transformation from spherical coordinates to monoclinic
axes. There are some differences between Shubnikov and
rep-descriptions of magnetic structure. In the Shubnikov
description there are two independent atoms of each type:
Ni11 and Ni11c, and Cu1 and Cu1c. The rest of atoms,
including Ni21 and Cu2, are generated by the symmetry
operators of Ca2/c. In the rep-approach the independent
atoms are the ones belonging to the different orbits, i.e.
Ni11 and Ni21, and Cu1 and Cu2. The rest of atoms
are generated by normal magnetic modes of irrep τ2 and
symmetry operators of C-1 space group with the use of
formula (1).
III. ENERGY SPECTRUM AND
EXPECTATION VALUES OF THE CU- AND
NI-SPIN IN THE QUANTUM TRIMER
We use dimensionless parametrisation of the Hamilto-
nian with exchange interaction -1, single ion anisotropy
d and magnetic (molecular) field h. The relation of
the dimensionless parameters to the ones in meV used
in the paper 4 is the following: d = −D/2J and h =
−gµBHmf/2J . The Hamiltonian with Ni-spin s = 1 for
S1 and S3, and Cu-spin s =
1
2 for S2 operators reads:
H = S1S2 + S2S3 + d
3∑
i=1
(Szi )
2 − hS, (2)
4or
bi
t 1
a b
c
or
bi
t 1
FIG. 2: The unit cell of Ca3CuNi2(PO4)4 showing the mag-
netic structure in Shubnikov group Ca2/c (no. 15.91). Ni and
Cu atoms are represented by blue and red circles connected
by straight dashed line in the trimers. The unit cell constants
are a = 17.724 A˚, b = 33.4 A˚, c = 17.8 A˚, β = 118.5◦. The
structure is obtained using propagation vector k1 for orbit-1
and corresponds to the structure of Fig. 1 and fits the experi-
ment. The structure parameters are listed in Table I. Second
possible magnetic structure with equivalent trimers can be
constructed using k2 for orbit-1. In this structure the spins
in the trimers inside the ellipses should be reversed.
where the operator of total trimer spin is denoted as
S =
3∑
i=1
Si. The trimer wave function is spanned by
18 basis vectors symbolically denoted as χm1,m2,m3 =
|m1,m2,m3〉, where mi are z-projections of respective
spins in the trimer, which take values m1 = +1, 0,−1;
m2 =
1
2 ,− 12 and m3 = +1, 0,−1.
This section is organised as follows: first we calcu-
late the spin expectation values 〈Si〉 (the average values
of spin operators Si) in the trimer for the Hamiltonian
without single ion anisotropy (d = 0). In this parame-
ter free model the solution is exact. Then we calculate
〈Si〉 in the model with the experimentally determined
anisotropy d and molecular field h. Since the direction of
h is not known we vary the angle between the field and
anisotropy direction. This gives the variances of of the
calculated 〈Si〉 and allows us to make a fair comparison
with the experimental values of Ni and Cu spins. We
denote the absolute values of the spin expectation values
〈Si〉 by 〈Si〉 (spin sizes).
In case without single ion anisotropy, [H,S2] = 0 and
also [H,Sz] = 0, where Sz is the total spin projection
along h. The total spin quantum number S is defined
TABLE II: Energy spectrum E=E0−Mh of the Hamiltonian
(2) with d = 0. The spin expectation values along molecular
field h are 〈S1〉 for spin-1 at the positions 1 and 3, and 〈S2〉
for the middle spin- 1
2
. The quantum numbers of total trimer
spin S, its projection on h direction M , and S213 are listed.
The sum 2 〈S1〉+ 〈S2〉 is exactly equal to M .
E0 S M S13 〈S1〉 〈S2〉
-3/2 3/2 ±3/2 2 ±9/10 ∓3/10
-3/2 3/2 ±1/2 2 ±3/10 ∓1/10
-1 1/2 ±1/2 1 ±1/3 ∓1/6
0 1/2 ±1/2 0 0 ±1/2
1/2 3/2 ±3/2 1 ±1/2 ±1/2
1/2 3/2 ±1/2 1 ±1/6 ±1/6
1 5/2 ±5/2 2 ±1 ±1/2
1 5/2 ±3/2 2 ±3/5 ±3/10
1 5/2 ±1/2 2 ±1/5 ±1/10
by S(S + 1) eigenvalue of S2 operator with the spin pro-
jection M being the eigenvalue of Sz. The commutator
[H,S213] = 0 holds also for the operator S
2
13 = (S1 +S3)
2
and we denote its eigenvalues as S13(S13+1). The Hamil-
tonian is diagonalised with the solution shown in Table
2. In zero magnetic field h = 0 there are 5 degenerate
energy levels that are split up into 18 levels by magnetic
field as E0 − Mh. Each energy level can be identified
either by the wave function of the trimer in the basis
χm1,m2,m3 or by quantum numbers S, M , and S13 form-
ing a coupled basis. The ground state E = −3/2(1 + h)
is the one from the quartet S = 32 with M =
3
2 , assum-
ing that the molecular field is smaller than h < 52 . The
eigenfunctions with S = 32 , M = ± 32 have the form:
√
10
10
(∣∣∣∣±1,±12 , 0
〉
− 2
√
2
∣∣∣∣±1,∓12 ,±1
〉
+
∣∣∣∣0,±12 ,±1
〉)
(3)
The spin expectation values in the state (3) are along
z axis with the values equal to 〈Sz1 〉 = 〈Sz3 〉 = ± 910 for Ni-
spins and 〈S2〉 = ∓ 310 for Cu-spin. They are smaller than
the single ion spins due to entanglement of the single spin
eigenfunctions. In this model there is no one adjustable
parameter. It is quite spectacular that this simple model
of the isolated trimer in a molecular field h is already
in a very good agreement with the experimental values
〈SNi〉 = 0.945(5) and 〈SCu〉 = 0.31(1) determined in5
(using g-factor g = 2).
In the case of non-zero single ion anisotropy d with h
parallel to z-axis the operators S2 and S213 do not com-
mute with H, and the total spin S as well as the spin
S13 are not anymore good quantum numbers. However,
due to axial symmetry the Sz-projection still commutes
with the Hamiltonian. The energy spectrum of (2) can
also be calculated analytically. The ground state quartet
E0 = −3/2 at h = 0 with total S = 32 splits up into two
doublets with spin projection M = ± 32 for negative d in
agreement with4. The energy spectrum as a function of
55/2, 2
3/2, 1
1/2, 0
1/2, 1
3/2, 2
FIG. 3: Energy spectrum E of the Hamiltonian (2) with h = 0
as a function of single ion anisotropy d. The vertical dashed
line indicates experimentally found value d = −0.41. For each
multiplet with d = 0 the spin quantum numbers S, S13 are
indicated at the right hand side.
0 0.2 0.4 0.6 0.8 1
hz
0
-3
-2
-1
1
2
E
FIG. 4: Energy spectrum E of the Hamiltonian (2) with d =
−0.4 as a function of h along z-axis. The ground state energy
is 1
4
(7d −√4d2 − 12d+ 25 − 1) ∓ 3
2
h for the lowest at h = 0
state with S ' 3
2
,M = ± 3
2
. The square brackets group zero
d multiplets that split up into the doublets at h = 0 with
different z-projection M . The circles indicate two levels from
the 5th “multiplet” and ground state level that were used to
determine the molecular field in4.
anisotropy parameter is shown in Fig. 3. Since there is
no crossing of the energy levels for absolute values of |d|
smaller than 0.41(8) (corresponding to the experimen-
tal single ion anisotropy of Ni DNi = −0.7(1) meV), the
quantum numbers S and S13 at d = 0 still can be unam-
biguously used to identify the energy levels.
The magnetic field h along z-axis completely removes
the degeneracy splitting each doublet in E0 ∓Mh. Fig-
FIG. 5: Absolute values of spin expectation values (upper
panel) for Ni 〈S1〉 and Cu 〈S2〉 and their angles 〈θ〉 with +z
axis for Ni and −z axis for Cu (lower panel) in the ground
state of the spin trimer Hamiltonian (2) with d = −0.4 and
h = 0.56 as a function of angle θ of h to z-axis. Solid and
dashed lines correspond to 1st and 2nd spins in the trimer,
respectively.
ure 4 shows the energy spectrum calculated for the ex-
perimental single ion anisotropy of Ni d = −0.41. The
anisotropy increases the spin expectation values due to
the suppression of the terms with m = 0 in the wave
function of the trimer (3). For the given d, 〈S1〉 = 0.92
and 〈S2〉 = 0.34. In the limit of large-d the spins will
recover single ion spin sizes s = 1 and 12 . We list the first
two energy levels E = −2.35,−2.0 with M = ± 32 ,± 12 ,〈
S213
〉
= 6, 5.81 and
〈
S2
〉
= 3.77, 3.67, respectively.
These values and the other values at h = 0 shown in
the Fig. 4 are in full agreement with the calculations in
Ref.4 after renormalisation −(E − EGS)2J , where EGS
is ground state energy, J = −0.85 meV.
The spin expectation values can change if the molecu-
lar field h makes an angle θ with z-axis due to the inter-
play between the anisotropy d and the molecular field h.
If the field is significantly smaller than d, then the spin
expectation values will not strongly depend on θ, because
small h will not have effect on the wave function, but
simply will select the state with M = + 32 . Only for the
angles θ close to 90 degrees the mixing of ±M states will
further reduce the spins 〈Si〉. The molecular field was es-
timated to be gµBHmf = 0.95(2) meV
4 from the splitting
of the energy levels indicated in Fig. 4. In the above esti-
mation of the field, it was assumed that the splitting does
not depend on d, which was a fair assumption because
the field direction h is anyway unknown. This molecular
field corresponds to the dimensionless field h = 0.56(7).
The splitting will not depend on the anisotropy d either
if h||z or in the limit of large h, which seems to be the
case. The calculations of the energy spectrum as a func-
tion of θ show that the value of h can be underestimated
6by maximum a factor of 1.8 for the experimentally esti-
mated anisotropy and the field. The calculated expec-
tation values of 〈Si〉 and their angle with z-axis 〈θi〉 are
shown in Fig. 5 as a function of field direction θ with
respect to z-axis for the field magnitude h = 0.56. One
can see that the field is large enough and the spins turn
toward the field direction. The spin sizes are slightly fur-
ther suppressed, but are still in good accordance (about
10%) with the experimental values. The spins of Ni and
Cu in the trimer are not exactly antiparallel, but can
make an angle (Fig. 5) down to about 〈θ1〉 − 〈θ2〉 ' 170
degrees due to the interplay between the anisotropy d
and the molecular field h. This is also in line with the
experimental angle ' 160 degrees5.
IV. DISCUSSION
In the structural phase transitions it is a regular case
when the isotropy subgroup is generated by several arms
of the propagation vector17,20, but for the magnetic tran-
sitions the multi-arm structures are really an exotics. It
might be that in some cases reconsideration of the exper-
imental data with more symmetric multi-arm structure
could give similar or even better goodness of fit.
In the present case one-arm magnetic structure gives
physically unreasonable picture. If the spins of all Cu
and Ni atoms are allowed to be independent in the data
analysis then half of the trimers have zero spin values, as
explained in section II and also in Ref.5. If one forces the
spin sizes to be the same (separately for Ni and Cu) in
all the trimers then the best possible one-k fit to exper-
iment has bad chi-square (goodness of fit). In addition,
the Cu-spin gets values that are too big 〈SCu〉 = 0.6 and
the trimers are non-identical with not necessarily antipar-
allel Cu and Ni-spins Ref.5. The above mentioned one-k
spin configurations are in contradiction with the calcu-
lated spin values and directions in the trimers. The mag-
netic moments and their orientation obtained from the
fit to a very restrictive full star model with Shubnikov
symmetry Ca2/c are in amazingly good accordance with
the theory as shown in Section III. We find that such
good correspondence between experiment and theory is
a strong complementary argument in favour of the full
star model. The numerical density functional investiga-
tions 21 with both inter- and intra-trimer interactions
included, but without single ion anisotropy are also in
good agreement with the experiment. The calculations
give similar magnetic moment value 1.8µB for Ni and
slightly larger for Cu 0.8µB , and somewhat smaller Cu-
Ni intratrimer interaction21 in comparison with 4,5.
Symmetry considerations alone do not restrict the mo-
ment sizes to be the same in all the trimers even for the
most symmetric direction of order parameter P1 (a,a). In
general, the mixing of the modes with different k-vectors
on the same atom will always produce different spin sizes
according to (1). So even the highest Shubnikov sym-
metry does not force all the trimers to be the same. In
the present case the mixing of the mode orbit1+k1 with
mode orbit1+k2 would make the spin sizes inside the el-
lipses in Fig. 2 different from the other spins. Moreover, if
we assume that the spins of Cu and Ni-spin in the trimer
propagate with the different arms, then the coupling in
the trimers will be both AFM and FM. In the language
of Shubnikov group there are two independent Cu-spins
in (8a) and (8b) positions and two Ni-spins in (16g) po-
sitions, and if one does not couple the spins on different
positions, as shown in the Table I, then one gets the above
mentioned possible spin configurations. In this respect,
the rep-approach is very useful because it allows one to
choose the appropriate mode based on physical grounds.
Namely, the isolated trimer with dominant intracoupling
should propagate as a whole object with the same Bloch
function given by the propagation vector. This is equiva-
lent to the requirement of having all the trimers identical,
leaving only two possible configurations shown in Fig. 2.
V. CONCLUSIONS
We have shown that the antiferromagnetic (AFM)
structure in the quantum spin trimer system
Ca3CuNi2(PO4)4 is based on the full star of prop-
agation vector [ 12 ,
1
2 , 0], [− 12 , 12 , 0] of the paramagnetic
space group C2/c and corresponds to the Shubnikov
magnetic space group Ca2/c. The relation between
representation analysis in propagation vector k formal-
ism and Shubnikov symmetry is examined in details.
The unusual multi-k (multi-arm) magnetic structure
is further supported by the calculations of the spin
expectation values 〈SNi〉 and 〈SCu〉 in the isolated
Ni-Cu-Ni trimer with realistic Hamiltonian. In the
ground state of the trimer in a molecular field the spins
are AFM coupled with 〈SNi〉 = 910 and 〈SCu〉 = 310 , being
already in a good agreement with the experimental
values 〈SNi〉 = 0.945(5) and 〈SCu〉 = 0.31(1) forming the
angle about 160 degrees. Consideration of the realistic
single ion anisotropy and molecular field parameters
result in the calculated values 〈SNi〉 = 0.885± 0.035,
〈SCu〉 = 0.305± 0.035 forming the angle 175 ± 5o
that within 10% agree with the experiment, providing
strong complimentary argument in favour of multi-arm
magnetic structure.
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